A passivity framework for hydraulic actuators is developed by consideration of the compressibility energy function for a fluid with a pressure dependent bulk modulus. The typical actuator's mechanical and pressure dynamic model is shown to be the Euler-Lagrange equations for this energy function. A passivity property for the actuator is exhibited in which the hydraulic supply rate contains the compressibility energy, instead of just being P · Q. A storage function for the pressure error is then proposed based on the physical compressibility energy and the pressure error dynamics is shown to be a passive two-port subsystem. Control laws are derived using the storage function. A case study is presented to compare the new passivity based approach and the traditional backstepping approach for a trajectory tracking application. In this example, the proposed approach is less sensitive to velocity measurement error and requires lower feedback gains than the traditional approach.
INTRODUCTION
Passivity property has been exploited in many nonlinear physical domains to derive useful and robust control laws. One of the earliest and most motivating, was in the electro-mechanical manipulators. Using the mechanical systems' physical energy functions and their modification as Lyapunov functions, a passivity property can be derived, and from which a whole class of fixed and adaptive control laws with rigorous analysis and arbitrary gains have been obtained (see [1, 2] as examples). The passivity property of mechanical systems is a consequence of its * Address all correspondence to this author.
Euler-Lagrange (or Hamiltonian) structure. Thus, with the success in the mechanical domain, controls that exploit the EulerLagrange or Hamiltonian structures have been developed for other domains as well (see e.g. [3, 4] ) Yet, in the area of hydraulic systems, other than approaches based on linearization and linear systems assumption, the typical nonlinear control approach is based on backstepping [5, 6] . In this approach, the desired force from the actuator is first designed (perhaps using passivity based approach), and then the actuator force is controlled via backstepping. Usually, a simple quadratic term in the actuator force error is used in the Lyapunov function, and nonlinearities are canceled out to preserve stability. In other words, the physical energetic structure of the actuator pressure dynamics have not been exploited. In [7, 8] and related works, passivity of the hydraulic valve is considered but passivity of an actuator with compressibility is simply assumed.
There are a handful of other approaches to control the hydraulic actuators. Kugi, in [3] and Mazenc and Richards in [9] proposed a nonlinear transformation of the pressures for two chamber actuators. For constant bulk modulus, a certain passivity property can be exhibited in the transformed system and control laws can be derived that do not require velocity feedback. However, the resulting Lyapunov function does not appear to be related to the physical energy of the system. More recently, an energy Casimir method is used to define a control law in [10] . However, restrictive assumptions on constant bulk modulus and constant and same actuator chamber volumes are made which do not capture some very important nonlinearities.
Our goal in this paper is to develop a passivity control framework for the mechanical-pressure dynamics in a hydraulic actuator based upon physical energy. For a two-chamber actuator, the actuator is typically modeled as:
(1)
where x is the actuator displacement, M p is the combined actuator/load inertia, A 1 and A 2 are actuator capside and piston side areas, β(P) is the pressure dependent bulk modulus, V 10 and V 20 are the volumes of the actuator chambers when x = 0, Q 1 andQ 2 are the flows into the chambers. While hydraulic fluid is not very compressible, its compressibility determines its pressure dynamics. Thus, in section 2, the density and compressible energy in the hydraulic actuator are studied. The only assumption made is that the fluid property is determined by a pressure dependent bulk modulus β(P). In section 3, in accordance with this compressibility energy, a Lagrangian function is defined such that the actuator dynamics in Eqs (1)-(3) are its Euler-Lagrange equations. From this, a passivity property is derived. The energy function is then modified in section 4 so that it can be used for control purposes by making it a function of the pressure error instead of absolute pressure. In sections 5 and 6, a control design case study is presented in which the proposed passivity approach and the traditional backstepping approach are compared experimentally.
FLUID COMPRESSIBILITY, DENSITY AND ENERGY
We consider the constitutive relationship of the fluid as defined by its pressure dependent bulk modulus, β(P) as follows:
where V and P are the volume and pressure of a fixed fluid mass m, ρ(P) := m/V (P) is the density. Given β(P), define the function g(P 2 , P 1 ) as the integral of (4) over the pressure limits P 1 and P 2 :
where ρ(P) is the fluid density at pressure P. We denote the density at 0 pressure by ρ 0 . The function g(P 2 , P 1 ) in (5) satisfies the group and inverse properties under addition:
Using these properties and (5), we have the following results.
Theorem 1 Let the liquid bulk modulus be β(P) > 0 where P ≥ 0, and the fluid density when at zero pressure be ρ 0 . Then the pressure dependent density at any pressures P, P 1 ≥ 0 satisfies:
Since g(P, P) = 0 and g(P 2 , P 1 ) > 0 for all P 2 > P 1 , ρ : P → ρ(P) is a monotonic function. Hence, the inverse function ρ −1 : ρ(ℜ + ) → ℜ exists on the achievable density range.
To derive the compressibility energy in a fluid, consider a fluid of mass m. Its volume V , pressure P are related by:
Work needed to compress the fluid from ambient pressure P = 0 and volume V = V 0 to pressure P and volume V :
where P = ρ −1 (m/V ) with ρ(·) defined in Eq. (8) , and the bulk modulus in (4) were used in the last equality.
Theorem 2 The volumetric energy density W V (P) and the gravimetric energy density W m (P) are given by: ρ(P) β(P )ρ(P ) = e g(P,P )
Notice that both W V (P) and W m (P) are fluid properties that are dependent only on pressures. 15)) at 30%, 5% and 1% air-entrainment. The bulk modulus model is based on [11] .
Remark 1 1. When β is constant, the density, gravimetric energy density and volumetric energy density are:
2. From Taylor expansion, W V (P) is shown to be essentially a quadratic function of P. We can define the pressure dependent mean bulk modulus,β(P) as:
If β(·) is positive and bounded over [0, P] thenβ(P) is also. The point and mean bulk moduliβ(P) and β(P) are plotted in Fig. 1 which shows thatβ(P) is much smaller than β(P) especially with high level of air entrainment.
LAGRANGIAN AND PASSIVITY OF A SINGLE ROD ACTUATOR
In this section, we show that a Lagrangian defined with the compressibility energy function derived in the previous section does indeed generate the the dynamics for a hydraulic actuator consistent with Eq. (1)- (3). More importantly, a storage function can be defined from which a passivity property can be elicited.
For a two chamber actuator where fluid inertance is negligible, let q = (m 1 , m 2 , x) T be the generalized coordinates where m 1 and m 2 are the fluid masses in the respective chambers, and x is the displacement of the actuator. Let the mass of the piston and load be M p . The potential energy is:
where the pressures P 1 and P 2 in the chambers are related to the generalized coordinates as follows:
and ρ(P) is the density function in (8) which is invertible on its range. The kinetic co-energy is given by:
Theorem 3 Let q = (m 1 , m 2 , x) be the generalized coordinates and F load be the external generalized force acting in the x direction. The function
where W act (m 1 , m 2 , x) and T (x,ẋ) are given in Eqs.(16) and (19), is the Lagrangian whose Euler-Lagrange dynamics are exactly Eqs. (1)- (3) if we identify the volumetric flow rates into the chambers as:
Proof: To get Eq.(1), apply Euler-Lagrange formula in the x coordinate:
where V 1 (x) = V 10 + A 1 x and V 2 (x) = V 20 − A 2 x. From V i (x)ρ(P i ) = m i , the last two terms are P i dV i (x)/dx, i = 1, 2 resulting in Eq.(1) as desired.
To get the pressure dynamics in Eqs (2)- (3), we differentiate Eqs.(17)-(18) to get:
Using the bulk modulus definition Eq.(4) and rearranging, we have:
Therefore, Eqs. (2)- (3) are obtained with the flow rate in (21).
Since fluid inertance is neglected, with mass flow ratesṁ 1 andṁ 2 as the input flow variables at the hydraulic ports, then the Euler-Lagrange equations for the m 1 and m 2 variables define the output effort variables:
Accordingly, if the input is the volume flow rate (Q 1 , Q 2 ) in Eq.(21) , the corresponding output effort variables are:
so thaṫ
Corollary 1 The actuator system Eqs. (1)- (3) satisfy the following passivity property: ∃c ∈ ℜ such that for all input functions
where Ψ 1 (P 1 ) and Ψ 2 (P 2 ) are the output variables associated with the hydraulic ports in Eq. (24). Moreover, the total energy function or the Hamiltonian,
is a storage function.
Proof: Differentiating H(x, P 1 , P 2 ) in (27) with respect to time: Figure 2 . W V (P)/P or P/β(P) at 30%, 5% and 1% air-entrainment.
Utilizing V i (x)ρ(P i ) = m i and Eqs. (22)-Eqs.(25), we havė
Since the actuator are the Lagrangian dynamics and H(x, P 1 , P 2 ) is the Hamiltonian for L(q,q), the relation above is in fact automatically true. Integrating it over time [0,t), and using the fact that H(t) ≥ 0, the desired passivity property Eq.(26) is obtained with c 2 = H(t = 0).
The output effort variables Ψ 1 (P 1 ) ≈ P 1 and Ψ 2 (P 2 ) ≈ P 2 if W V (P i )/P i = P i /β(P i ) << 1 for i = 1, 2 whereβ(P i ) is the mean bulk modulus in Eq.(15) and reduce to P 1 and P 2 as β(·) → ∞. Fig. 2 shows that the actual value of W V (P)/P (or P/β(P)) is less than 4% whenever the working pressure is above 2 bar.
STORAGE & PASSIVITY FOR PRESSURE ERROR
In the above, the function V i (x)W V (P i ) serves as the storage function for each pressure chamber that gives rise to the energetic passivity relationship Eq.(26) in terms of absolute pressure and piston velocity. In this section, a modified storage function for pressure error and velocity error with respect to a reference pressure P d and reference actuator velocity r is proposed for control purposes.
Let P d (t) be a once differentiable reference pressure. Consider the pressure error storage density:
Let β(P, P d ) andβ(P, P d ) be the maximum and minimum of all {β(σ)|σ ∈ [P d , P]}. SinceP = P − P d is typically smaller than P and from Fig. 2 , P/β(P) is small, it is reasonable to assume that P/β(σ) for any σ ∈ [P d , P] is even smaller. With this observation, the following proposition (which can be shown using the Mean Value Theorem) shows thatW (P, P d ) is essentially a quadratic function inP.
Proposition 1 For any P and P d . LetP = P − P d and let δ > 0 be such thatP/β(σ) < δ for all σ ∈ [P, P d ], then the functioñ W (P, P d ) satisfies this bound:
For a trajectory tracking task, the reference actuator velocity r and reference pressure P d can be determined using a backstepping procedure. The following theorem shows that the functioñ W (P, P d ) is indeed an appropriate Lyapunov function candidate and provides the required inputs to accommodate the reference velocity and desired pressures.
Theorem 4
For actuator chamber with volume V (x) where x being the actuator displacement, pressure P, and in-flow rate Q(t), let the pressure and velocity errors be:
where P d (t) and r(t) are the reference pressure and velocity. Consider the error storage function given by V (x)W (P, P d ), then,
If the input flow is defined as:
where Proof: Eq.(32) is obtained by direct differentiation. Eq.(37) is obtained by direct substitution of the flow input, and noting that the residual term due to Q d , Q dW (P, P d ), is dominated by the damping term with sufficient large ε(P, P d ).
Remark 2 1. Theorem 4 shows that the pressure error dynamics is a passive two port sub-system with the mechanical port power being the product of a force error (AP) and the velocity error e v , and the hydraulics port power being PQ(1 +W /P). This is illustrated in the pressure error dynamics block in Fig. 3 . 2. Because of the remark before Proposition 1, it can be safely assumed that W (P, P d )/P << 1. and can be more precisely bounded using Proposition 1. 5. B(P, P d ) is well defined. From Taylor expansion, it can be approximated by β(P d ). The error vanishes when P → P d and the effect of the approximation error on the storage function derivative will be bounded by δ(t)P 2 for some δ(t) which can be compensated with an additional flow damping term −δ(t)P. 6. If designed by backstepping, P d will contain some error terms. In some cases, these may be neglected if other feedback gains are large enough, similar to the approach in the Desired Compensation Control Law (DCCL) in [2] .
Single rod actuator
Applying Theorem 4 to the 2 chamber actuator with V 1 (x) = V 10 + A 1 x and V 2 (x) = V 20 − A 2 x, desired pressures P d1 and P d2 , and reference velocity r(t), and using independent chamber flows as suggested: where the actuator force and desired actuator force are:
The design of the desired pressures depend on the type of flow controls and will be discussed elsewhere.
CONTROL DESIGN EXAMPLE
In this section, we illustrate the use of the pressure dynamics storage function for the design of trajectory tracking control laws. For simplicity, we consider a one chamber, spring loaded actuator in Fig. 4 . It is used for the linear positioning or duty ratio control a novel rotary 3-way PWM on/off valve [12, 13] . The PWM valve alternately ports flow from the inlet to one of the two outlet ports as it rotates and its linear determines the duty ratio.
The dynamics of the actuator and the moving mass are:
where M ≈ 0.5kg, A = 1.74cm 2 is the equivalent piston area (which is the area difference between the right and left hand side pistons), K ≈ 2594N/m is the spring rate, Kx 0 ≈ 211.5N is the preload, V 0 ≈ 60cc is the dead chamber volume. Suppose that Q(t) is the input (it is implemented using a three way flow control valve) and the objective is for x(t) → x d (t) where x d (t),ẋ d (t),ẍ d (t) and ... x d (t) are smooth and available. Following a typical passivity based robot motion control design procedure [2] , let e = x − x d be the tracking error and define the reference velocity, and the reference velocity error as:
where λ p > 0. The desired pressure is obtained from:
By successively applying Eqs. (38) and (41), we also havė
where f (e, e v ,P) = α e e + α ev e v + α PP for some α e , α ev , α P . Then we have the following error dynamics:
i.e. the mechanical system is passive w.r.t. the supply ratẽ PAe v . Next, we take into account pressure dynamics using the proposed passivity approach, and for comparison, the traditional backstepping approach.
Passivity approach
Define an augmented Lyapunov function using the proposed pressure error energy density function:
Following Theorem 4, write Q = Q d +Q. Then,
We are now ready to design Q d to compensate only the terms related to the trajectory:
where r(t) is the reference velocity defined in (38) andṖ d1 is given in Eq.(40).
f (e, e v ,P)
where µ(P, P d ) > 0, ε(P, P d ) > 0 are defined from:
Finally, we designQ = −λ 3P so that the overall control law is:
Using the notation V β to denote
2β(P d ) gives rise to:
Hence, for λ 3 sufficiently large, the matrix above is positive definite and (e, e v ,P) converge to (0, 0, 0) exponentially.
Basic backstepping
In the basic backstepping approach such as in [5, 6, 14] and others, a quadratic term is typically used instead of a physically motivated Lyapunov function component for the pressure error dynamics:
The input flow is designed as:
whereṖ d1 is given in Eq.(40). So, again we have exponential convergence if λ 3 (t) is sufficiently large, sincė Figure 5 . Trajectory tracking performances using the two controllers on a filtered trapezoidal trajectory corresponding to a full range duty variation in 50ms.
The basic backstepping control Eq. (45) differ from the passivity based control Eq. (44) in these ways:
1. Actuator volume and the bulk modulus are needed only for the feedforward term for the passivity based control Eq. (44) but are needed for both the feedback and feedforward terms for the basic backstepping control Eq. (45). The former may have some advantage for adaptation in the presence of measurement noise. 2. The treatment of the piston velocity is different. In the passivity based approach, only the reference velocity r is used; whereas in the traditional backstepping approach, the actual piston velocityẋ is actively canceled, and then a velocity error e v is fedback. Intuitively, theẋ term has a positive feedback effect asẋ has a positive effect on input flow Q which in turn has a positive effect of piston velocity. The negative feedback of e v has the purpose of stabilizing this effect. 3. Eq. (45) provides an additional gain λ 2 for tuning. It will be equivalent to Eq. (45) if λ 2 ≈ (V 0 + Ax)/β(P) and similar λ 3 (t) are chosen for both. However, since λ 2 must be a constant in Eq. (45), this equivalence can only be approximated.
EXPERIMENTAL COMPARISON
The basic backstepping controller in Eq. (45) and the passivity based controller in Eq. (44) are experimentally implemented and compared on the linear positioning system described in Section 5. 10% air entrainment is assumed when estimating the bulk modulus using the model in [11] . Flow input is controlled using a proportional control valve with supply pressure at 1.3MPa.
First, the two controllers are compared on a filtered trapezoidal trajectory as shown in Fig. 5 . Each controller was tuned to the best of our effort. While the best tuned control performances are similar, the basic backstepping controller requires significantly higher gains than the passivity based control as shown in Table 1 and is more sensitive to measurement noise. Next, we investigate the benefits of the extra control gain λ 2 available in the basic backstepping controller in Eq.(45) when the velocity measurement is corrupted. To wit, a 1 Hz first order low pass filter is applied to the velocity measurement and a 5 Hz sinusoidal trajectory is used. Control gains similar to those in Table 1 are applied to both controllers and a range of λ 2 is applied to the basic backstepping controller. 6 shows that tracking error for the basic backstepping controller is minimized when λ 2 ≈ 3e − 12 and is slightly worse than that of the passivity based control. This is expected since in Eq. (45), velocity measurement error would corrupt the first term (ẋ) when λ 2 is too large, and the second term (e v ) when λ 2 is too small. It will be insensitive to velocity measurement error as λ 2 ≈ (V 0 + Ax)/β(P) which is when the basic backstepping controller approximates the passivity based control.
CONCLUSIONS
In this paper, a hydraulic actuator is shown to be a passive two-port system. The supply rate associated with the mechanical port is the mechanical power whereas the supply rate associated with the hydraulic port is not merely P · Q but is (P + W V )Q where W V is the compressibility energy density in the flow. The storage function is obtained from the compressibility energy of the fluid in the actuator. The modified form of the storage function can be used for pressure error dynamics so that control laws can be derived without canceling the essential nonlinearities associated with the varying chamber volume and the possibly uncertain bulk modulus for the stabilizing term. Thus, the passivity control framework that has been so successful for mechanical systems can finally be extended to hydraulic systems.
